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We develop a systematic method to calculate the trace distance between two reduced density
matrices in 1+1 dimensional quantum field theories. The approach exploits the path integral rep-
resentation of the reduced density matrices and an ad hoc replica trick. We then extensively apply
this method to the calculation of the distance between reduced density matrices of one interval of
length ` in eigenstates of conformal field theories. When the interval is short, using the operator
product expansion of twist operators, we obtain a universal form for the leading order in ` of the
trace distance. We compute the trace distances among the reduced density matrices of several low
lying states in two-dimensional free massless boson and fermion theories. We compare our analytic
conformal results with numerical calculations in XX and Ising spin chains finding perfect agreement.
During recent times, in several disconnected fields of
physics emerged the necessity to characterise the prop-
erties of extended subsystems rather than of the entire
system. A first important example is the non-equilibrium
dynamics of isolated quantum systems: while the whole
system remains in a pure state, subsystems are described
by statistical ensembles for large times [1–8]. Another
subject where the physics of the subsystem matters is
the black hole information loss paradox [9] and its re-
lation to the distinguishability of states in gauge field
theories through the gauge/gravity duality [10–15]. In-
deed, the large interest in the physics of subsystems was
the main reason of the vast theoretical [16–18] and ex-
perimental [7, 19–21] activity aimed to characterise the
entanglement of extended quantum systems. Yet, it is
very important not only to have information about the
subsystems, but also to have a notion of distance between
the subsystems’ configurations, more precisely between
the reduced density matrices (RDM) of a subsystem in
two different states.
Several different measures of the distance between den-
sity matrices exist and are widely used in quantum in-
formation [22, 23]. For example, given two density ma-
trices ρ and σ acting on the same Hilbert space, a family
of distances, depending on a continuous parameter n, is
provided by the n-distances
Dn(ρ, σ) =
1
21/n
‖ρ− σ‖n, (1)
where the n-norm is ‖Λ‖n = (
∑
i λ
n
i )
1/n with λi being
the singular values of Λ, i.e., the eigenvalues of
√
Λ†Λ.
When Λ is Hermitian, λi are just the absolute values of
the eigenvalues of Λ. (The normalization 21/n ensures
0 ≤ Dn(ρ, σ) ≤ 1.) In finite dimensional Hilbert spaces
all norms are equivalent (in the sense that they bound
each other), but this ceases to be the case for infinite
dimensional spaces and we are interested in quantum field
theories (QFT). Furthermore, even in finite dimensions,
the bounds between norms depend on the dimension and
so the distances are not on equal footing when comparing
subsystems of different sizes. There are several reasons
why the trace distance D1 is special, e.g. the difference of
expectation values of an operator O in different states is
bounded as |tr(ρ−σ)O| ≤ D1(ρ, σ)||O||1, and the bound
has no factor depending on the Hilbert space dimension,
as it would be the case for other norms, see e.g. [24].
It is however extremely difficult to evaluate analyti-
cally D1: even for Gaussian states there is no way to com-
pute it from the two-point correlators (see e.g. [24]). This
is indeed one of the reasons why for quantum field theo-
ries there has been a huge activity [25–34] in quantifying
the relative entropy S(ρ‖σ) = tr(ρ log ρ) − tr(ρ log σ),
which provides an idea about the distance of ρ and σ,
but it is not even a metric since it is not symmetrical.
In this Letter we develop a systematic method to cal-
culate the trace distance between two RDMs in quantum
field theories. This is based on an ad hoc replica trick:
we first calculate the n-distance (1) for a general even
integer n, we analytically continue it to real n, and fi-
nally we take the limit n → 1 to get the trace distance.
(This trick is reminiscent of the one for entanglement
negativity in QFT [35].) For even n, we express Dn as a
correlation function in a replicated worldsheet, that, in
1+1 dimensions, can be written in terms of the twist op-
erators of Refs. [36–38]. We will then exploit this method
to provide very general results for the distance between
primary states in 2D conformal field theories (CFT) and
use the operator product expansion (OPE) of the twist
fields [39–45] for short intervals. In this Letter we just
introduce our replica approach and show how it works
with a few examples. Most details are left to a technical
forthcoming publication [46].
General description in QFT. We consider a generic
QFT in a state described by the density matrix ρ and we
focus on a spatial subsystem A. The reduced density ma-
trix ρA = trA¯ρ is obtained by tracing out the degrees of
freedom of A¯, the complement of A. The bipartite entan-
glement between A and A¯ may be measured by the cele-
brated entanglement entropy SA = −tr(ρA log ρA) which
can be obtained from the replica limit of trρnA [36, 38].
In the path integral Euclidean formalism and for n ∈ N,
such traces correspond to partition functions on an n-
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FIG. 1. The replica trick to calculate trρnA (left) and for each
term in the sum in the r.h.s. of (4), tr(ρA,0ρA,1 · · · ρA,n−1)
(right). Top: path integral in terms of Riemann surfaces. Bot-
tom: Equivalent representation in the n-fold theory, Eqs. (2)
and (5). We show the case n = 3 as an example.
sheeted Riemann surface (see Fig. 1, left), with the sheet
j representing ρA,j (the j-th copy of the state ρA of the
initial QFT). Moreover, for one interval embedded in a
1D systems (equivalently 2D QFT), the same quantities
can be interpreted as two-point functions (or, more gen-
erally, 2m-point functions if the subsystem consists of m
disjoint intervals) evaluated in the state ρn = ⊗n−1j=0 ρA,j
of the corresponding n-fold theory [36, 37]
trρnA = 〈T (`, `)T˜ (0, 0)〉ρn . (2)
T and T˜ are called twist and antitwist operators re-
spectively. This form is particularly useful in the con-
text of CFT, where T and T˜ are primary operators
of the n-fold theory (dubbed CFTn) with conformal
weights hn = h¯n =
c(n2−1)
24n [36]. Here c is the central
charge of the single-copy CFT. For an interval of length
` in an infinite system, this leads to the famous result
trρnA = cn(`/)
−4hn where cn is the normalization con-
stant [38] (c1 = 1) of the twist operators and  the UV
cutoff.
Here, we are interested in the trace distance (i.e. (1)
for n = 1) between two generic RDMs ρA, σA. For an
arbitrary even integer ne we have ‖ρA−σA‖nene = tr(ρA−
σA)
ne . Therefore, if we are able to compute tr(ρA−σA)ne
and analytically continue it as a function of ne from even
integers to generic real values, then the trace distance is
obtained via the following replica trick
D1(ρA, σA) =
1
2
lim
ne→1
tr(ρA − σA)ne . (3)
We stress that for odd no instead, tr(ρA − σA)no does
not provide the no-distance. Hence the limit no → 1 just
gives the trivial result tr(ρA−σA) = 0, in full analogy to
the negativity replica trick [35].
To proceed, we note that tr(ρA − σA)n may be ex-
panded as
tr(ρA − σA)n =
∑
S
(−)|S|tr (ρ0S · · · ρ(n−1)S) , (4)
where the summation S is over all the subsets of S0 =
{0, · · · , n−1}, |S| is the cardinality of S and ρjS = σA if
j ∈ S and ρA otherwise. Crucially, each term in the sum
appearing in the r.h.s. of Eq. (4) is related to a partition
function on an n-sheeted Riemann surface (see Fig. 1,
right) and, again, in a 2D QFT, it can be written as a
two-point function of twist fields (cfr., e.g., [47])
tr
(
ρ0S · · · ρ(n−1)S
)
= 〈T (`, `)T˜ (0, 0)〉⊗jρjS . (5)
Such objects are the same appearing in the replica trick
for the relative entropy [28, 29] and in some cases have
been explicitly computed [28–32]. Still, performing the
sum in Eq. (4) and obtaining its analytic continuation is
not an easy task.
Trace distance in 2D CFT. We now consider a 1D
system whose scaling limit is described by a 2D CFT.
We focus on periodic systems of total length L and on a
subsystem being an interval of length ` (say A = [0, `]).
In Euclidean path integral, the CFT is described by the
complex coordinate z = x+it (and its conjugate z¯), with
x ∈ [0, L] and t ∈ R, i.e. the worldsheet is an infinite
cylinder. We consider the distance between RDMs of or-
thogonal eigenstates; as we shall see while the distance
between the entire states is maximal, subsystems may be
rather close. For a general primary operator X of confor-
mal weights (hX , h¯X ), scaling dimension ∆X = hX + h¯X
and spin sX = hX − h¯X , we can use the state-operator
correspondence to construct the ket |X 〉 and bra 〈X |
states. The associated density matrix restricted to A is
simply ρX = trA¯|X 〉〈X |. We exploit Eq. (4) to compute
tr (ρX − ρY)n for two RDMs associated to two primary
operators X and Y. For such states, each term of the
sum in the r.h.s. corresponds to a 2n-point correlation
function of the fields X and Y on the Riemann surface
[48, 49], which is mapped to the complex plane C through
the map
f(z) =
(
z − e2pii`/L
z − 1
)1/n
. (6)
The final result for the entire sum in Eq. (4) can be writ-
ten as a sum of such correlation functions and reads
tr(ρX − ρY)n = cn
( L
pi
sin
pi`
L
)−4hn
∑
S
{
(−)|S|i2(|S¯|sX+|S|sY)
( 2
n
sin
pi`
L
)2(|S¯|∆X+|S|∆Y)
×
〈[∏
j∈S¯
(
fhXj,` f¯
h¯X
j,` f
hX
j f¯
h¯X
j X (fj,`, f¯j,`)X †(fj , f¯j)
)]
×
[∏
j∈S
(
fhYj,` f¯
h¯Y
j,` f
hY
j f¯
h¯Y
j Y(fj,`, f¯j,`)Y†(fj , f¯j)
)]〉
C
}
.
(7)
3Here S¯ = S0/S, fj = e 2piijn and fj,` = e 2piin (j+ `L ). Note
that in the limit n→ 1 the dependence on the ultraviolet
cutoff  washes out. Importantly, this means that the
trace distance is cutoff independent, scale invariant (i.e.,
it depends on ` and L only through `/L), and universal.
We can also introduce scale-invariant cutoff-independent
quantities for the n-distance as
Dn(ρ, σ) = tr (ρ− σ)
n
trρn
, (8)
with replica limit from (3)
D1(ρ, σ) =
1
2
lim
ne→1
Dne(ρ, σ). (9)
Small interval expansion. When the interval is short
` L, one can use the OPE of twist operators [39–42] to
expand the partition function (2) as a sum of one-point
functions in CFTn. When the state ρ is translational
invariant, in the OPE of twist operators in (2) we only
need to include the CFTn quasiprimary operators that
are direct products of the nonidentity quasiprimary oper-
ators {X} of the original CFT, i.e. operators of the form
X j11 · · · X jkk (see [43, 50] for a discussion). For example
trρnA is expanded as [43–45]
trρnA = cn
(`

)−4hn[
1 +
n∑
k=1
∑
{X1,··· ,Xk}
`∆X1+···+∆Xn
× bX1···Xk〈X1〉ρ · · · 〈Xk〉ρ
]
. (10)
The coefficients bX1···Xk have been defined in [43] and
they are related to the OPE coefficients of the CFTn
operators X j11 · · · X jkk .
Similarly, for the RDMs ρA, σA of two translationally
invariant states ρ, σ, following Ref. [45], one gets
tr(ρA − σA)n = cn
(`

)−4hn ∑
{X1,··· ,Xn}
[
`∆X1+···+∆Xk
× bX1···Xn
(〈X1〉ρ − 〈X1〉σ) · · · (〈Xn〉ρ − 〈Xn〉σ)]. (11)
Given that the two states ρ, σ are different, quasiprimary
operators φ such that
〈φ〉ρ − 〈φ〉σ 6= 0, (12)
should exist. The OPE in (11) is dominated by the
quasiprimary operator φ satisfying (12) with the small-
est scaling dimension ∆φ. For simplicity, we assume that
there is only a single φ with these properties (but this
condition can be relaxed). The operator φ is normalized
as 〈φ(0, 0)φ(z, z¯)〉C = z−2hφ z¯−2h¯φ and is a bosonic op-
erator, i.e., its spin sφ is an integer. Hence, for general
even integer ne, from (11) we get
tr(ρA − σA)ne
trρneA
= `ne∆φbφ···φ
(〈φ〉ρ − 〈φ〉σ)ne + o(`ne∆φ),
(13)
with φ · · ·φ denoting the direct product of ne φ’s. In
Eqs. (10), (11), and (13), the L dependence is hidden in
〈Xk〉ρ ∝ L−∆k , making each addendum a function only
of `/L.
For arbitrary ne, (11) leads to the expansion of the ne-
distance Dne(ρA, σA) and (13) gives its leading order for
a short interval. The replica limit ne → 1 of (13) provides
a universal expression for the leading order trace distance
in short interval expansion
D1(ρA, σA) =
xφ|〈φ〉ρ − 〈φ〉σ|
2
`∆φ + o(`∆φ), (14)
with (ne = 2p, p ∈ N)
xφ = lim
p→1/2
i2psφ
(2p)2p∆φ
〈 2p−1∏
j=0
[
e
piij
p sφφ(e
piij
p , e−
piij
p )
]〉
C
.
(15)
This short distance result is remarkable, although it only
applies to the case with no degeneracy at scaling dimen-
sion ∆φ, i.e., that at scaling dimension ∆φ there only
exists one quasiprimary operator φ with 〈φ〉ρ−〈φ〉σ 6= 0.
The correlation function appearing in (15) has been ex-
plicitly calculated for several operators in [48, 49] and
analytically continued in [53].
Finally, we also get an upper bound for xφ
xφ ≤ xmax(∆φ) =
√
pi1/2Γ(∆φ + 1)
22∆φ+1Γ(∆φ +
3
2 )
, (16)
which depends solely on the scaling dimension. Eq. (16)
follows from the Pinsker’s inequality D(ρ, σ) ≤√
S(ρ‖σ)/2 and known results for the (universal) leading
order of the relative entropy [30, 31, 45].
2D free massless boson theory. We consider the 2D
free massless boson theory compactified on circle of unit
radius, corresponding to a 2D CFT with central charge
c = 1. We denote by ϕ, ϕ¯ the holomorphic and anti-
holomorphic parts of the scalar, respectively. The pri-
mary operators are the currents J = i∂ϕ, J¯ = i∂¯ϕ¯ with
conformal weights (1, 0), (0, 1) as well as the vertex op-
erators Vα,α¯ = exp(iαϕ+ iα¯ϕ¯) with α, α¯ = 0,±1, · · · and
conformal weights (α2/2, α¯2/2). The low energy excited
states are obtained by acting on the vacuum with such
operators. We denote the associated RDMs as ρα,α¯, ρJ ,
ρJ¯ and ρ0,0 = ρ0. Details about the 2D free massless
boson theory can be found in [51, 52].
We start by considering Eq. (8) for two generic vertex
operators when it can be written as
Dn[∆α] ≡ Dn(ρα,α¯, ρα′,α¯′) =
n∑
k=0
(−)k
∑
0≤j1<···<jk≤n−1
dn({j1, · · · , jk})∆α, (17)
4where ∆α ≡ (α− α′)2 + (α¯− α¯′)2 and
dn(S) =
( sin pi`L
n sin pi`nL
)|S|
×
×
j1<j2∏
j1,j2∈S
sin2 pi(j1−j2)n
sin pi(j1−j2+`/L)n sin
pi(j1−j2−`/L)
n
, (18)
as a function of a given subset S.
For n = ne being a fixed even integer, (17) can be
easily computed and one also can derive a compact ex-
pression for it (see [46]). Its analytic continuation from
even integers to arbitrary real values, instead, is not sim-
ple. Remarkably, for ∆α = 1, we were able to find the
full analytic continuation
logDn[1] = n log(2pi)− 2
∫ ∞
0
dt
t
{ 1
et − 1
×
[ (e t`2L − 1)(1 + ete− t`2L )
2 sinh
(
t`
2nL
) − n]− n
2
}
, (19)
which in the replica limit simply becomes
lim
ne→1
Dne [1] = 2`/L. (20)
The analytic continuation (19) also provides all the n-
distances for n odd, which are not given by (17).
In the small interval limit, we can get further results for
arbitrary ∆α. In fact, Eq. (14) applies, e.g., for α = α′
or α¯ = α¯′. In such cases the (unique) quasiprimary field
satisfying (12) is J¯ or J (respectively), with expecta-
tion value in the vertex operator state |Vα,α¯〉 given by
〈J¯〉α,α¯ = −2piiα¯/L and 〈J〉α,α¯ = 2piiα/L. From (14),
then, we get
D1(ρα,α¯, ρα′,α¯) =
|α− α′|`
L
+ o
( `
L
)
,
D1(ρα,α¯, ρα,α¯′) =
|α¯− α¯′|`
L
+ o
( `
L
)
. (21)
Here we used xJ = xJ¯ = 1/pi [46], as follows from (15)
together with the calculation of the correlation function
of Refs. [48, 49] and its analytical continuation in [53].
They satisfy the bound (16) with xmax(1) = 1/
√
6.
Another case where (12) applies is the trace distance
between vertex operators with α¯ = 0 or α = 0 and the
current states |J〉, |J¯〉. For such states, we have 〈J〉J =
〈J〉J¯ = 〈J¯〉J = 〈J¯〉J¯ = 0. The final result in the short
interval limit reads
D1(ρJ , ρα,0) = D1(ρJ¯ , ρ0,α) =
|α|`
L
+ o
( `
L
)
,
D1(ρJ , ρ0,α¯) = D1(ρJ¯ , ρα¯,0) =
|α¯|`
L
+ o
( `
L
)
. (22)
The results for some other states will be given in [46].
All the above results for the compact boson CFT can
be checked against numerics in the XX spin chain. We
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FIG. 2. Trace distance between low-lying states as function
of `/L: Numerical results for the XX spin-chain (symbols)
compared with the CFT prediction (lines). The data are in
log-log scale to show the power-law behavior at small `/L.
Only for ∆α = 1 (bottommost curve) we show the analytic
continuation for arbitrary `/L, cf. Eq. (20), while in the other
cases we compare with the leading order at small `/L.
consider a block A with ` contiguous spins in a peri-
odic chain with L sites. The correspondence between the
low-lying states of the spin-chain and the CFT ones is re-
ported, e.g., in [48, 49]. As we mentioned, even for these
Gaussian states it is not possible to get trace distances
in terms of the correlation functions, as instead one can
do for the entanglement entropy [54–56]. However, one
can exploit the Gaussian nature of ρA and σA [55] to ac-
cess the 2` × 2` RDM numerically for arbitrary large L
[54–56], but ` relatively small, say up to 7 (see [46] for
details). Only for even n, we can use the techniques of
Refs. [57, 58] to obtain the n-distances also for very large
`. Our numerical results for many states are in Figs. 2
and 3. The former shows the trace distance that asymp-
totically perfectly matches the CFT predictions (i.e. the
short-interval expansion for arbitrary states and (20) for
the vertex-states with ∆α = 1). Fig. 3 reports the 2- and
3-distance for some states that perfectly matches avail-
able CFT results for arbitrary `/L.
2D free massless fermion theory. We now consider a
2D massless free fermion theory, which is a 2D CFT with
central charge c = 1/2, and it is the continuous limit of
the critical Ising spin chain. The calculations in the 2D
massless free fermion theory and Ising spin chain are par-
allel to those in the 2D massless free boson theory and
XX spin chain. In the CFT, besides the ground state |0〉,
we consider the excited states generated by the primary
operators σ, µ with conformal weights (1/16, 1/16), ψ
and ψ¯ with conformal weights (1/2, 0) and (0, 1/2) re-
spectively, and ε with conformal weights (1/2, 1/2).
Making use of the results from Refs. [48, 49, 53]
we have that xε in Eq. (15) can be analytically cal-
culated xε = 1/pi [46]. Using Eq. (14), and the
expectation values 〈ε〉0 = 〈ε〉ψ = 〈ε〉ψ¯ = 〈ε〉ε =
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FIG. 3. The n-distance for low-lying states: comparison of
CFT predictions (lines) with the numerical XX spin-chain
results (symbols). Top: D2(ρ, σ) (CFT from Eq. (17)). Bot-
tom: D3(ρ, σ) for (α− α′)2 + (α¯− α¯′)2 = 1 as in Eq. (19).
0, 〈ε〉σ = −〈ε〉µ = pi/L, we get in the short interval limit
D1(ρ0, ρσ) = D1(ρ0, ρµ) = `/(2L)+o(`/L), D1(ρσ, ρψ) =
D1(ρσ, ρψ¯) = D1(ρµ, ρψ) = D1(ρµ, ρψ¯) = `/(2L) +
o(`/L), D1(ρσ, ρε) = D1(ρµ, ρε) = `/(2L) + o(`/L), and
D1(ρσ, ρµ) = `/L+o(`/L). We checked them numerically
in the critical Ising spin chain, finding perfect agreement
as we will report in [46].
Conclusions. In this Letter we developed a replica
approach to acess the trace distance in 2D QFT. We ex-
ploited our method to provide very general results for the
distance between primary states in 2D CFT in particu-
lar for short intervals, yielding an explicit form based on
the OPE of the twist operators. We also gave explicit
results for the free massless compact boson and fermion.
We tested analytical CFT results against the numerical
trace distances in spin chains finding perfect matches.
We only reported here a subset of significant CFT re-
sults that we obtained. We will report the calculation
details and more examples in [46], where we will also
discuss the consequences of our findings for the relative
entropies and fidelities.
Our approach paves the way to systematic studies of
trace distances in 2D QFT with several fundamental ap-
plications. First of all one can consider different geome-
tries in CFT: open systems, disjoint intervals, finite tem-
perature, inhomogeneous systems, etc. Then, one can
study in a CFT after a quantum quench, how the dis-
tance between the time-dependent state and the asymp-
totically thermal state [59] shrinks, as well as the dif-
ference between distinct statistical ensembles. Massive
QFT may be approached adapting the techniques of [37]
for the entanglement entropy.
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